A macroscopic fluid model is tleveloped to describe the nonlinear dynamics and collective processes in an intense high-current beam propagating in the z-direction through a periodic focusing solenoidal field B, ( z + S) = B, (z), where S is the axial periodicity length. The analysis assumes that space-charge effects dominate the effects of thermal beam emittance, K T~ >> e&, and is based on the macroscopic moment-Maxwell equations, truncated by neglecting the pressure tensor and higher-order moments.
I. INTRODUCTION
Periodic focusing accelerators'* have a wide range of applications varying from basic scientific research to industrial applications. There is growing interest in developing an improved theoretical understanding of the nonlinear dynamics, and stability and transport properties of nonneutral charged particle beams in advanced high-current accelerator^^-^ for applications such as heavy ion fusion, tritium production, and nuclear waste treatment.
Indeed, in many regimes of practical interest, the beam intensity (as measured by the charge density and current density) is sufficiently high that self-field effects dominate the thermal effects associated with the spread in momentum of the beam particles. A kinetic treatment of beam propagation based on the nonlinear Vlasov-Maxwell equations, ly8-14 although providing a complete description of collective processes, is often difficult to implement analytically.
It is the purpose of this paper to develop a macroscopic cold-fluid model15 that provides an adequate treatment of intense beam propagation through a periodic focusing solenoidal field in circumstances where space-charge effects dominate the effects of thermal beam emittance.
By way of background, kinetic models of intense beam propagation based on the VlasovMaxwell equations describe the nonlinear evolution of the distribution function fb(x, p, t ) in the phase space (x, p) and the interaction of the beam particles with the average electric and magnetic fields, E(x, t ) and B(x, t). On the other hand, a macroscopic fluid model of intense beam propagation describes the nonlinear evolution of bulk beam properties such as the beam density nb(x, t ) = d3p fb and average flow velocity Vb(x, t ) = n;' d3pvfb, and also requires ancillary assumptions (such as negligibly small thermal emittance, or an assumed equation of state for the pressure tensor) in order to truncate the macroscopic moment equations. While not containing the detailed information on the distribution of particles in momentum space, a macroscopic fluid model does describe the evolution in configuration space of macroscopic quantities such as nb(x, t ) and Vb(x, t). Such a macroscopic description is intrinsically simpler theoretically than a kinetic model which describes the evolution of the distribution function in the phase space (x, p).
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A third type of theoretical model describing intense beam propagation can also be devel~p e d~~,~~i~~ in which rate equations are dervied for the nonlinear evolution of statisticallyaveraged quantities, such as the center-of-mass beam coordinates, < x > and < y >, the mean-square beam radius ( T~) , the unnormalized beam emittance E, etc. Here, statistical averages < > are over the distribution of beam particles in the accessible phase space.
Such models for the evolution of statistically-averaged quantities have been developed and applied by Sacherer" for the case of an elliptical cross-section beam propagating through a periodic quadrupole lattice, and by Lee and Cooper1' for an axisymmetric beam propagating through a soelnoidal focusing field. Typically, such models also require ancillary assumptions for closure of the rate equation, although for the case of a cylindrically symmetric beam propagating through a solenoidal focusing field, closure of the rate equations for the mean-square radius, ( r 2 ) , does occur for the class of so-called 'self-similar' density profiles considered by Lee and C00per.l~ As a general remark, such models for the evolution of statistically-averaged quantities do not follow the detailed evolution of the configurationspace dependence of the beam density nng(x, t ) and flow velocity Vb(x, t).
As noted earlier, a principal purpose of this paper is to develop a macroscopic fluid model that describes the nonlinear evolution of an intense nonneutral beam propagating through a periodic solenoidal focusing field in the limit of negligibly small thermal emittance ( e t h + 0). Pedagogical aspects of the paper are presented in Secs. I1 and I11 for the case of a thin beam propagating in the z-direction through the applied solenoidal focusing field B""(x) described by Eq. 
THEORETICAL MODEL AND ASSUMPTIONS
We consider a thin, intense charged particle beam with characteristic radius Tb and axial velocity & propagating in the z-direction through an applied solenoidal field1
Here, T = ( x 2 + y2)1/2 is the radial distance from the beam axis, z is the axial coordinate, B,(z + S) = B,(z) is the axial magnetic field with fundamental periodicity length S, prime denotes derivative with respect to .z, and q, << S is assumed in the thin-beam approximation. Consistent with the thin-beam approximation, the transverse kinetic energy of a beam particle is assumed to be small in comparison with its axial kinetic energy, and it is also assumed that V / y b = Z:e2Nb/ybmt? << 1, where u is Budker's parameter. Here, Nb = 1 dxdynb is the number of charged particles per unit axid length, is the characteristic energy of a beam particle, Zde is the particle charge, m is the rest mass, and c is the speed of light in vacuo. In the electrostatic approximation, the self electric field produced by the beam space charge is E" = -V@(z,y,~,t), where the electrostatic potential @ is determined self-consistently from Poisson's equation
In Eq. (2), n b ( x , y , z , t ) is the particle density, and we have approximated V2 N V : = 6J2/6x2 + d2/6Jy2 in the thin-beam approximation. In addition, the axial beam current, ZienbV'b, produces a transverse self-magnetic field, B" = B& + B;ey = V x AZQ,, where In many applications of practical interest, the beam intensity (as measured by the charge density and current density) is sufficiently intense that self-field effects dominate thermal effects associated with the spread in momentum of the beam particles. A useful dimensionless measure of the self-field intensity is the self-field perveance' defined by rb is the characteristic radius of the beam envelope, and 6th is the unnormalized transverse thermal e m i t t~n c e~l~~ defined in terms of rms momentum spread relative to the mean. In circumstances where the inequality in Eq. (4) is satisfied, the phase advance 0 is highly depressed by self-field effects.
In the remainder of this paper, consistent with Eq. (4), we develop a macroscopic coldfluid or zero-thermal-emittance model to describe the nonlinear dynamics of the beam.15
In the six-dimensional phase space (x,p), the distribution function for a cold beam can be expressed as fb(X, P, t ) = %(X, t)J [P -%(X, t)mVb(x, t)l 9
where nb(x, t ) is the density, Pb(x, t ) = yb(x, t)mVb(x, t ) is the momentum of a fluid element, (9) provide a closed description of the nonlinear evolution of the self-field potentials, @ ( x , t ) and AS(x, t ) , the density nb(x, t ) , and the flow velocity Vb(x, t). Indeed, Eqs. (2), (3), (8) , and (9) can be used to investigate the detailed dynamics of intense beam propagation through a periodic solenoidal focusing field described by Eq.
(1) for a broad range of system parameters consistent with Eq. (4) and the thin-beam approximation described earlier in the paper. Making use of Eqs. (6) and (9), it is readily shown that which is a statement of energy balance in the present cold-fluid model of beam propagation.
As expected, whenever d@/dt = 0, total energy (kinetic plus electrostatic potential energy) is conserved. As noted earlier, it is assumed that the beam has large kinematic momentum directed predominantly in the axial direction. In cylindrical coordinates, we express 
IV. EXAMPLES OF PERIODICALLY-FOCUSED BEAM EQUILIBRIA
Evidently, Eqs. (12) - ( , and the density profile n b ( r , z ) has the fixed radial shape, which is modulated axially, described by16917
The class of 'fixed-shape' or 'self-similar' density profiles in Eq. gives for the self-field potential where qP = 0 at T = 0 has been assumed. 
The other corresponds to a thin annular layer centered at T = Tb(z). We discuss these two cases separately.
Step-Function Density Profile: As a first example, we consider the case where
In this case, it follows from Eq. . This is associated with the fact that the radial self-electric field L is E," = -a@/& = 0 for T < ra(z) for the annular beam described by Eq. (30), whereas E," = -a@/& = -2NbZier/~,"(z) is non-zero for r < q(Z) for the stepfunction density profile in Eq. (27). The discontinuity in the radial self-field force when Eq. (26) is integrated across the annulus at T = rg(z) then accounts for the difference by a factor of two in the self-field terms in Eqs. (28) and (33). While the example of a thin annular beam is not of particular interest for the advanced high-current accelerators envisioned for heavy ion fusion and tritium production, it does serve to illustrate the power of the macroscopic formalism for intense beam propagation developed in this paper.
Determination of 6Vzb: We now return to the example of the step-function density profile considered in Eq. (27), and the corresponding equation for the beam envelope ra (z) in Eq. (28) , and the expression for the angular velocity in Eq. (29). In deriving these results
we have assumed that the axial flow velocity is uniform over the beam cross section with
We now make use of the axial force balance equation (16) can be evaluated by setting f(z = 0) = 0 (say). Also keep in mind that Eqs. (35) and (38) have been derived for the case where the density profile corresponds to the step-function in Eq. (27).
To summarize, correct to first order, the solution for the axial flow velocity for 0 2 r < In the special case of a uniform solenoidal field with K,(z) = E, = const. (independent of z ) , Eq. (41) can readily be solved for the equilibrium beam radius (denoted by ras) in the smooth-beam approximation (d2rb,/ds2 = 0). This gives Note that rbs increases as the self-field intensity increases (increasing K), the beam rotation increases (increasing &a), or the focusing strength decreases (decreasing Rz). Whenever &a = 0, we find from Eq. (42) that = K/R,, corresponding to an exact balance of the (defocusing) self-field force and the (focusing) magnetic force on a fluid element.
The more interesting case of a periodic solenoidal focusing field is illustrated in Figs. 1 and 2, where K , ( z ) is assumed to have the form of a periodic step-function lattice defined (over one lattice period) by
where r](< 1) is the fiZZzng factor. Equation ( The model is found to be robust and flexible, and offers several advantages in analytical simplicity relative to a theoretical description based on the Vlasov-Maxwell equations. In this regard, it should be emphasized that this cold-fluid formalism can also be applied to circumstances where ala0 $: 0 and the equilibrium density profile is not restricted to have the simple form in Eq. (19). 
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